In this paper, the authors study some growth properties of analytic functions of [p, q]-order in the disc and apply them to investigating the growth and zeros of solutions of complex linear differential equations with analytic coefficients of [p, q]-order satisfying certain growth conditions in the unit disc, and they obtain some results which are generalizations and improvements of some previous results.
Notations and results
We assume that readers are familiar with the fundamental results and the standard notations of the Nevanlinna value distribution theory of meromorphic functions in the unit disc (see [-] ). Firstly, we introduce some notations. Let us define inductively, for r ∈ (, +∞), exp  r = e r and exp i+ r = exp(exp i r), i ∈ N. For all r sufficiently large in (, +∞), we define log  r = log r and log i+ r = log(log i r), i ∈ N. We also denote exp  r = r = log  r and exp - r = log  r. Moreover, we denote the linear measure of a set E ⊂ [, ) by mE = E dt, and the upper and lower density of E ⊂ [, ) are defined, respectively, by
The complex oscillation theory of linear differential equations
and
in the unit disc has been developed since the s (see [] ). After that, many important results have been obtained (see [-] an increasing interest in studying the interaction between the analytic coefficients of [p, q]-order and the solutions of (.) and (.) (see [-] ). In this paper, the authors continue to focus on studying the growth and zeros of solutions of (.), (.) with analytic coefficients of [p, q]-order which satisfy certain growth conditions in the unit disc. We use p, q to denote positive integers, and we use = {z : |z| < } to denote the unit disc. In the following, we recall some notations of meromorphic functions and analytic functions in .
Definition . (see [, ]) Let f (z) be a meromorphic function in , and set
If f (z) is an analytic function in ,
we say that f is of finite degree.
Definition . (see [, ])
The iterated p-order of a meromorphic function f (z) in is defined by
For an analytic function f (z) in , we also define
.
)) to denote the integrated counting function for the (distinct) zero-sequence of a meromorphic function f (z) in . Then the [p, q]-exponents of convergence of (distinct) zero-sequence of f (z) http://www.advancesindifferenceequations.com/content/2014/1/167
By the above definitions, the following propositions about the analytic function of [p, q]-order in the unit disc can easily be deduced. 
Proof (i), (iv), (v) hold obviously, we prove (ii) and (iii).
(ii) By the standard inequality 
Proof Without loss of generality, assuming that f () = , by N(r,
, lim
By the above inequality, we obtain:
we can easily get λ
. Therefore, the conclusions of Proposition . hold.
In recent years, Belaïdi has investigated the growth of solutions of (.), (.) with analytic coefficients of [p, q]-order in the unit disc and obtained the following results.
Theorem A (see []) Let p ≥ q ≥  be integers and H  be a set of complex numbers satisfying dens
Theorem B (see [] ) Let p ≥ q ≥  be integers and H  be a set of complex numbers satisfying dens {|z| : z ∈ H  ⊆ } > , and let A  , A  , . . . , A k- be analytic functions in satisfying
Theorem C (see [] 
From Theorems A-C, we obtain the following results.
, and if there exist two positive constants α  , β  ( < β  < α  ) such that, for all z ∈ H  and |z| →  -, we have
Then the following statements hold:
, and there exist two positive constants α  , β  such that, for all z ∈ H  and |z| →  -, we have
Then the following statements hold: 
Preliminary lemmas

Lemma . (see []) Let f (z) be a meromorphic function in , and let k ≥  be an integer. Then m r, f
Remark . Throughout this paper, we use E  ⊂ [, ) to denote a set satisfying E  dt -t < ∞, not always the same at each occurrence.
Lemma . (see []) Let k and j be integers satisfying k > j ≥ , and let ε >  and d ∈ (, ).
If f is a meromorphic function in such that f
(j) does not vanish identically, then
By a similar proof to Lemma ., we have the following lemma.
Therefore there exists an n  (∈ N) such that, for n ≥ n  and for any r
Since σ [p,q] (f ) = σ  , for any r ∈ E  , we have
where
We also can prove lim r→ -
= σ  (r ∈ E  ) by the above proof.
By the above proof, this lemma also holds for the case  ≤ q = p + . 
Proof (i) Suppose that f (z) ≡  is a solution of (.). By (.), we get
and it is easy to see that if f has a zero at z  of order α (α > k), and A  , . . . , A k- are analytic at z  , then F must have a zero at z  of order α -k, hence
By Lemma . and (.), we have 
(ii) By a similar proof to case (i), we can easily obtain the conclusion of case (ii). [p+,q] (f ). On the other hand, by Lemma ., all solutions of (.) satisfy σ [p+,q] 
(ii)-(iii) By a similar proof to case (i), we obtain the conclusions of (ii)-(iii).
Proof of Theorem . (i) For  ≤ q ≤ p, assume that f is a solution of (.), by the elementary theory of differential equations, thus all the solutions of (.) have the form
where C  , . . . , C k are complex constants, f  , . . . , f k is a solution base of (.), f * is a solution of (.) and has the form
where D  , . . . , D k are certain analytic functions in satisfying On the other hand, by a simple order comparison from (.), we see that all solutions of (.) satisfy σ [p+,q] (f ) ≥ σ [p+,q] (F). Therefore all solutions of (.) satisfy σ [p+,q] (f ) = σ [p+,q] 
(F).
If σ [p+,q] (F) ≤ σ  , by the above proof in (.)-(.), we can find that all solutions of (.) satisfy σ [p+,q] (f ) ≤ σ  . We affirm that (.) can only possess at most one exceptional solution f  satisfying σ [p+,q] (f  ) < σ  . In fact, if f * is another solution satisfying σ [p+,q] (f * ) < σ  , then σ [p+,q] (f  -f * ) < σ  . But f  -f * is a solution of (.) and satisfies σ [p+,q] (f  -f * ) = σ  by Theorem .(i), this is a contradiction. Then σ [p+,q] (f ) = σ  holds for all solutions of (.) with at most one exceptional solution f  satisfying σ [p+,q] (ii) For  ≤ q = p + , σ  > , by a similar proof to case (i), we draw the conclusions of case (ii).
